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Prof. Zed and his students Alice and Bob

Ass 1: Write in Coq a function that maps 0 to 0.

Definition alices : (λx. ) 0 = 0 := eq refl.

⇒ Type-checks, setting to x.

Definition bobs : 0 = 0 := eq refl.

⇒ Fails

Both problems have NO most general unifier.
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Another assignment

Ass 2: Given:

in head : a ∈ (a :: l)

in tail : a ∈ l→ a ∈ (b :: l)

inR : a ∈ r → a ∈ append l r

inthelist := ∀x y z : nat. x ∈ append [y] [z;x]

Prove inthelist in Coq or Agda:

Definition alices2 : inthelist := λx y z. inR (in tail in head)

⇒ Type-checks in Coq, fails in Agda
??
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Unification

I A central component in interactive proof assistants.

1 Type inference (overloading, coercions), refinement.
2 Tactic application, rewriting. . .

I Not discussed in Coq’s documentation!

I A hard (undecidable) problem. Tackled with heuristics in
Coq.
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An old problem

I Unification modulo βη (Elliot ’89).

I HO-Pattern unification: decidable fragment (Huet ’91).

I HO-Pattern for CoC (Pfenning ’91).

I Unification modulo δ (Pfenning & Schrmann ’98).

I Unification modulo βη for Π and Σ (Abel & Pientka ’11).
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Our contribution

Theory:

I Formalization of a new unification algorithm.

I Including the whole language and Coq’s features.
I Overloading.
I Universe polymorphism.
I No constraint postponement (Reed ’09).
I Refinements of existing heuristics.

Implementation:

I A plugin: Unicoq.

I Solving 99.9% of cases in existing libraries –
“Mathematical Components” included (≈10M queries).

I In all benchmarks, a negligible amount of typing
annotations needed.

I Not optimized, obviously faithful to the rules.
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A taste of the algorithm

I First-order approximation:

t ≈ u

f t ≈ f u
FO

Even when f is a defined, unfoldable constant.

I Overloading:

eq : ∀e : eqType, sort e→ sort e→ bool

eq true false eq eqType bool true false

I Universe polymorphism, dependency deletion (see paper).
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FO-Approximation

inR : a ∈ r → a ∈ append l r

inthelist := ∀x y z : nat. x ∈ append [y] [z;x]

Definition alices2 : inthelist := λx y z. inR (in tail in head)

x ∈ append [y] [z;x] ≈ ?a ∈ append ?l (?b :: ?a :: ?r)

“Natural” solution:

?a := x, ?l := [y], ?b := z, ?r := []

.
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FO-Approximation with backtracking

inR : a ∈ r → a ∈ append l r

inthelist := ∀x y z : nat. x ∈ append [y] [z;x]

Definition alices2.2 : inthelist :=

λx y z. inR (l := []) (in tail (in tail in head))

?a ∈ append [] (?c :: ?b :: ?a :: ?r) ≈ x ∈ append [y] [z;x]
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Canonical Structures 101

I Designed to support overloading à la Haskell type classes.

I Equality class (called a structure, i.e. dependent record):

Structure

name︷ ︸︸ ︷
eqType :=

constructor︷ ︸︸ ︷
EqType {

fields︷ ︸︸ ︷
sort : Type;
equal : sort→ sort→ bool}

I Generates several projection functions as well:

sort : eqType→ Type
equal : ∀T : eqType. sort T → sort T → bool
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Canonical Instances

Canonical eqType bool := EqType

sort︷︸︸︷
bool

equal︷ ︸︸ ︷
eq bool

Canonical eqType pair (A B : eqType) :=

EqType (sort A× sort B)︸ ︷︷ ︸
sort

(eq pair A B)︸ ︷︷ ︸
equal

where

eq bool x y := (x && y) || (!x && !y)

eq pair (A B : eqType) (u v : sort A× sort B) :=

equal (π1 u) (π1 v) && equal (π2 u) (π2 v)
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Triggering canonical instance resolution

sort ?X ≈ T

Match T against the sort field of canonical instances of
eqType, recursively.

Example:
equal (b1, b2) (c1, c2)

where b1, b2, c1, c2 : bool.
This generates:

sort ?T ≈ (bool× bool)

Using the canonical instances, the solution is:

?T := eqType pair eqType bool eqType bool
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Programming inference with canonical structures

I Unification and hence resolution backtracks on unfolding.

I A documented implementation was lacking.

I Essential use in Ssreflect for controlled overloading,
disambiguation, small scale proof search, where the
unfolding strategy matters.
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Constraint postponement: why not?

Produces more m.g.u’s, BUT:

- We embraced useful heuristics, this precludes m.g.u’s.

- Postponement implies less predictable algorithmic behavior
when programming unification.

- Global unification failures are harder to explain and
understand.

- Complex correctness proof.
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The Greek

Type-Same

C′ = C ∧ u R κ C′ �
` � C; Σ; Γ `0 Type(u) ≈R Type(κ) B ` � C′; Σ

Prod-Same, Lam-Same

Π ∈ {λ,∀}
Σ0; Γ ` T1 ≈≡ U1 B Σ1 Σ1; Γ, x : T1 ` T2 ≈R U2 B Σ2

Σ0; Γ `0 Πx : T1. T2 ≈R Πx : U1. U2 B Σ2

Let-Same

Σ0; Γ ` T ≈≡ U B Σ1 Σ1; Γ ` t2 ≈≡ u2 B Σ2

Σ2; Γ, x := t2 ` t1 ≈R u1 B Σ3

Σ0; Γ `0 let x := t2 : T in t1 ≈R let x := u2 : U in u1 B Σ3

Rigid-Same

h ∈ V ∪ I ∪ K C1 = C0 ∧ κ = κ′ C1 |=
(` � C0); Σ; Γ `0 h[κ] ≈R h[κ′] B (` � C1),Σ

Flexible-Same

h ∈ C Φ0 |= ` = κ B Φ1

Φ0; Σ; Γ `0 h[`] ≈R h[κ] B Φ1,Σ

Univ-Eq

Φ |= i = j

Φ |= i = j B Φ

Univ-Flexible

if ∨ jf ∈ ` C ∧ i = j |=
(` � C) |= i = j B (` � C ∧ i = j)

Case-Same

Σ0; Γ ` T ≈≡ U B Σ1

Σ1; Γ ` t ≈≡ u B Σ2 Σ2; Γ ` b ≈≡ b′ B Σ3

Σ0; Γ `0 matchT t with b end ≈R matchU u with b′ end B Σ3

Fix-Same

Σ0; Γ ` T ≈≡ U B Σ1 Σ1; Γ ` t ≈≡ u B Σ2

Σ0; Γ `0 fixj {x/n : T := t} ≈R fixj {x/n : U := u} B Σ2

App-FO

Σ0; Γ `0 t ≈R u B Σ1 n ≥ 0 Σ1; Γ ` tn ≈≡ un B Σ2

Σ0; Γ ` t tn ≈R u un B Σ2

Meta-δR, Lam-βR, Let-ζR

Σ; Γ ` u w δΣ,β,ζ u
′

Σ; Γ ` t ≈R u′ B Σ′

Σ; Γ ` t ≈R u B Σ′

Meta-δL, Lam-βL, Let-ζL

Σ; Γ ` t w δΣ,β,ζ t
′

Σ; Γ ` t′ ≈R u B Σ′

Σ; Γ ` t ≈R u B Σ′

Case-ιR
u is fix or match Σ; Γ ` u ↓wβζδΣιθ u′

u 6= u′ Σ; Γ ` t ≈R u′ B Σ′

Σ; Γ ` t ≈R u B Σ′

Case-ιL
t is fix or match Σ; Γ ` t ↓wβζδΣιθ t′

t 6= t′ Σ; Γ ` t′ ≈R u B Σ′

Σ; Γ ` t ≈R u B Σ′

Cons-δNotStuckR
not Σ; Γ ` is_stuck u

u
w δE,δΓ u′

Σ; Γ ` t ≈R u′ B Σ′

Σ; Γ ` t ≈R u B Σ′

Cons-δStuckL
Σ; Γ ` is_stuck u

t
w δE,δΓ t′

Σ; Γ ` t′ ≈R u B Σ′

Σ; Γ ` t ≈R u B Σ′

Cons-δR

Σ; Γ ` u w δE,δΓ u′

Σ; Γ ` t ≈R u′ B Σ′

Σ; Γ ` t ≈R u B Σ′

Cons-δL

Σ; Γ ` t w δE,δΓ t′

Σ; Γ ` t′ ≈R u B Σ′

Σ; Γ ` t ≈R u B Σ′

Lam-ηR

u's head is not an abstraction

Σ0; Γ ` u : U ensure_product(φ0; Σ0; Γ;T ;U) = (φ1; Σ1)
φ1; Σ1; Γ, x : T ` u x ≈≡ t B φ2; Σ2

φ0; Σ0; Γ ` u ≈R λx : T. t B φ2; Σ2

Lam-ηL

u's head is not an abstraction

Σ0; Γ ` u : U ensure_product(φ0; Σ0; Γ;T ;U) = (φ1; Σ1)
φ1; Σ1; Γ, x : T ` t ≈≡ u x B φ2; Σ2

φ0; Σ0; Γ ` λx : T. t ≈R u B φ2; Σ2

t ↓wβζδι kj a
matchT t with k x⇒ t′ end

 θ matchT kj [κ] a with k x⇒ t′ end

anj ↓wβζδι k b
fixj {F} a1 . . . anj

 θ fixj {F} a1 . . . anj−1 (k b)
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Meta-Same-Same

Σ; Γ ` t ≈≡ u B Σ′

Σ; Γ ` ?x[σ] t ≈R ?x[σ] u B Σ′

Meta-Same

?x : T [Ψ1] ∈ Σ Ψ1 ` σ ∩ σ′ B Ψ2 · ` sanitize(Ψ2) B Ψ3

FV(T ) ⊆ Ψ3 Σ ∪ {?y : T [Ψ3], ?x := ?y[Ψ̂3]}; Γ ` t ≈≡ u B Σ′

Σ; Γ ` ?x[σ] t ≈R ?x[σ′] u B Σ′

Meta-InstR

?x : T [Ψ] ∈ Σ0 t′, ξ1 = remove_tail(t; ξ′) t′ ↓wβ t′′ Σ0 ` prune(?x; ξ, ξ1; t′′) B Σ1

Σ1; Γ ` ξ1 : U t′′′ = λy : U{ξ, ξ1/Ψ̂, y}−1. Σ1(t′′){ξ, ξ1/Ψ̂, y}−1 Σ1; Ψ ` t′′′ : T ′ Σ1; Ψ ` T ′ ≈≤ T B Σ2 ?x 6∈ FMV(t′′′)

Σ0; Γ ` t ≈R ?x[ξ] ξ′ B Σ2 ∪ {?x := t′′′}

Meta-FOR

?x : T [Ψ] ∈ Σ0 0 < n Σ0; Γ ` u u′m ≈≡ ?x[σ] B Σ1 Σ1; Γ ` u′′n ≈≡ tn B Σ2

Σ0; Γ ` u u′mu′′n ≈R ?x[σ] tn B Σ2

Meta-DelDepsR

?x : T [Ψ] ∈ Σ l = [i|σi is variable and @j > i. σi = (σ, u)j ]

· ` sanitize(Ψl) B Ψ′ FV(T ) ⊆ Ψ′ Σ ∪ {?y : T [Ψ′], ?x := ?y[Ψ̂′]}; Γ ` t ≈R ?y[σl] u B Σ′

Σ; Γ ` t ≈R ?x[σ] u B Σ′

Meta-ReduceR

?u : T [Ψ] ∈ Σ0 t
w 0..1

δ t′ t′ ↓wβζιθ t′′ Σ0; Γ ` t′′ ≈R ?u[σ] tn B Σ1

Σ0; Γ ` t ≈R ?u[σ] tn B Σ1

Intersec-Nil

· ` · ∩ · B ·

Intersec-Keep

Ψ ` σ ∩ σ′ B Ψ′

Ψ, x := u : A ` σ, t ∩ σ′, t B Ψ′, x : A

Intersec-Remove

Ψ ` σ ∩ σ′ B Ψ′ y 6= z

Ψ, x := u : T ` σ, y ∩ σ′, z B Ψ′

Sanitize-Nil

ξ ` sanitize(·) B ·

Sanitize-Keep

FV(T ) ⊆ ξ FV(u) ⊆ ξ x, ξ ` sanitize(Ψ) B Ψ′

ξ ` sanitize(x := u : T,Ψ) B x : T,Ψ′

Sanitize-Remove

FV(T ) 6⊆ ξ ∨ FV(u) 6⊆ ξ ξ ` sanitize(Ψ) B Ψ′

ξ ` sanitize(x := u : T,Ψ) B Ψ′

Lookup-CS

(pj , h, cι) ∈ ∆db

Φ1, ι = fresh(Φ0, cι) ι δE λx : T . k[κ′] p′ v Σ1 = Σ0, ?y : T

Φ1 |= κ = κ′ B Φ2 Φ2; Σ1; Γ ` p ≈≡ p′{?y/x} B Φ3; Σ2

Φ0; Σ0 ` (pj , κ, p, h) ∈? ∆db B Φ3,Σ2, ι ?y, vj{?y/x}

CS-ConstR

Φ0; Σ0 ` (pj , κ, p, c) ∈? ∆db B Φ1,Σ1, ι, c[`′] u′

Φ1 |= ` = `′ B Φ2 Φ2; Σ1; Γ ` u ≈≡ u′ B Φ3; Σ2

Φ3; Σ2; Γ ` i ≈≡ ι B Φ4; Σ3 Φ4; Σ4; Γ ` t′ ≈≡ t B Φ5; Σ4

Φ0; Σ0; Γ ` c[`] u t′ ≈R pj [κ] p i t B Φ5; Σ4

CS-ProdR

Φ0; Σ0 ` (pj , κ, p,→) ∈? ∆db B Φ1,Σ1, ι, u→ u′

Φ1; Σ1; Γ ` t ≈≡ u B Φ2; Σ2

Φ2; Σ2; Γ ` t′ ≈R u′ B Φ3; Σ3 Φ3; Σ3; Γ ` i ≈≡ ι B Φ4; Σ4

Φ0,Σ0; Γ ` t→ t′ ≈R pj [κ] p i B Φ4; Σ4

CS-SortR

Φ0; Σ0 ` (pj , κ, p, s) ∈? ∆db B Φ1,Σ1, ι, vj
Φ1; Σ1; Γ ` s ≈R vj B Φ2; Σ2 Φ2; Σ2; Γ ` i ≈≡ ι B Φ3; Σ3

Φ0; Σ0; Γ ` s ≈R pj [κ] p i B Φ3; Σ3

CS-DefaultR

Φ0; Σ0 ` (pj , κ, p,_) ∈? ∆db B Φ1,Σ1, ι, vj
Φ3; Σ2; Γ ` t ≈R vj B Φ4; Σ3 Φ4; Σ3; Γ ` i ≈≡ ι B Φ5; Σ4

Φ0; Σ0; Γ ` t ≈R pj [κ] p i B Φ5; Σ4
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Summary

Contributions:

I A formalized unification algorithm, combining overloading,
universe polymorphism and FO approximation.

I A faithful, realistic prototype implementation.

Future work:

I Bi-directional type inference.

I Mechanized proof of soundness.

I Optimize: caching, unfolding heuristics.
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Thanks

github.com/unicoq

17

github.com/unicoq

