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Séminaire Deducteam
January 31st 2019

ENS Cachan



Definitional Proof-Irrelevance without K

1 Propositions and equality
Propositions in Homotopy Type Theory
Propositions in the Calculus of Inductive Constructions
Extraction and singleton elimination

2 A universe of strict propositions
The SProp universe
Semantics & Implementation

Definitional Proof-Irrelevance without K 2



Notions of Equality

Type Theory has two notions of equality:

I Definitional equality: x ≡ y : A for x, y : A. Equality of
computations: includes β reduction, reduction of fixpoints and
pattern-matching, rewrite rules etc...

I Proof-irrelevant, strict notion: no witnesses. “Equality on the
nose”

I Not a type: we cannot “assume” definitional equalities

I (Propositional/Path) equality: x =A y for x, y : A.

I A type with a single constructor ida : a =A a.
I Coincides with definitional equality in the empty context only.
I Can be inhabited by arbitrary terms.

Example:
n ∗m =N m ∗ n is provable by induction, but in general
n ∗m 6≡ m ∗ n.
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Equality in mathematics

Standard mathematical reasoning and the usual notion of equality
of data structures in computer science is rather a strict notion:

a, b ∈ N
? ∈ a = b

a = b ↔ ∀P, P a→ P b (Leibniz principle)

Equality is a property (as opposed to a structure)
The same holds for the order relations on natural numbers n ≤ m.
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Extensional Type Theory

One way to recover the strict notion of equality in type theory:

Reflection
Γ ` p : T = U : A

Γ ` T ≡ U : A

I Breaks decidability of type checking

I Introduces uniqueness of identity proofs:

∀(x y : A)(p q : x = y), p = q (UIP)
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Strict Propositions

A strict proposition P (not necessarily equality) shall have the
property:

∀(x y : P ), x ≡ y (Definitional irrelevance)

By definition of the identity type, it will also enjoy

∀(x y : P ), x =P y (Propositional irrelevance)

But we don’t necessarily want UIP!
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The Setoid Model: justifying functional extensionality

”Our solution is also based on the setoid model but as
the metatheory, where the construction takes place, we
use an extension of Intensional Type Theory by a universe
of propositions, such that all proofs of a proposition are
definitionally equal.”

Hofmann’95 & Altenkirch’99
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Homotopy Type Theory and Proof Relevance

Key idea of Homotopy Type Theory:

identity type ↔ ∞-groupoid structure

a, b, c : T
p : a = b
ida : a = a
−1 : a = b→ b = a
invsym : p−1 ◦ p =a=a ida
+ an infinity of laws

The identity type naturally represents a weak structure.
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Homotopy Type Theory and Proof Relevance

Voevodsky introduced an internalization of the notion of
proposition using the homotopy level h-level(n) of a type:

⊥hprop : h-level(1)(⊥)
: hProp(⊥)
≡ ∀(x y : ⊥), x = y

I A homotopy (mere) proposition P is propositionally irrelevant.

Nhset : h-level(2)(N)
≡ hSet(N)
≡ ∀(x y : N), hProp(x = y)
≡ ∀(x y : N)(p q : x = y), p =x=y q

I hSets correspond to ordinary sets, but with a weak equality.

I h-level(n) ↔ (n− 2)-truncated type
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Truncation

(−1)-Truncation turns any type into an hProp, similarly to the
bracket types of Awodey and Bauer:

Trunc
A : Type x : A

[x] : Trunc A

Trunc-Eq

A : Type x, y : Trunc A

trunc-eq x y : x = y

where A ∨B = Trunc (A+B)

Definitional Proof-Irrelevance without K 11



Truncation elimination

Its elimination principle is restricted to other hProps:

Trunc-elim
A : Type t : Trunc A

P : Trunc A→ hProp e : ∀(a : A), P [a]

trunc-elim A P x e : P x

Idea: Once truncated, we can “look into” the content of [x] only
to build other propositions, which are by definition proof-irrelevant.
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hProp

In HoTT, hProp contains:

I Any contractible ((−2)-truncated) type: >, singleton types
Sing A a := Σx : A, x = a

I ⊥
I Dependent pairs of hProps

I (−1)-truncated types

I Any type that can be shown equivalent to an hProp.

Way too large for a strict interpretation: e.g:

p q : Sing A a ` p ≡ q
⇒ x y : A, p : x = a, q : y = a ` (x, p) ≡ (y, q)
⇒ x y : A, p : x = a, q : y = a ` (x, p).1 ≡ (y, q).1
⇒ x y : A, p : x = a, q : y = a ` x ≡ y
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A detour to Coq: The Prop sort

In the Calculus of Inductive Constructions, Prop is used to
represent propositions.

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.
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style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.
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Propositional proof irrelevance

Only propositionally proof-irrelevant:

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.
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1. #DontBotherMeWithDetails

In general:

I p, q : x ≤ y not equal propositionally

I Even so, (x, p) ={x:N | x≤y} (x, q) is not easy to work with
(transports and “setoid hell”)
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Propositional proof irrelevance

Only propositionally proof-irrelevant:

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.
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1. #DontBotherMeWithDetails

In general:

I p, q : x ≤ y not equal propositionally

I Even so, (x, p) ={x:N | x≤y} (x, q) is not easy to work with
(transports and “setoid hell”)
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Prop and hProp

Luckily here we can show:

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.

I But inhabitants of Prop are not hProps in general, e.g.
disjunctions.

I Have to resort to an axiom of proof-irrelevance, destroying
canonicity.
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Prop and Extraction

Prop is used to model proof terms that are erasable by extraction.

Idea: extraction E(t) of ` t : N, removes all the propositional
content from t, s.t.:

If t whnf n then E(t) whnf n.

Assumption: t is closed.

Example:

I removes proofs n ≤ k above

I addition of bounded naturals → addition of naturals
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Singleton elimination

I Prop is secluded from Type to allow extraction.

I But not completely separate!

One can eliminate an inductive object from Prop (e.g. a proof of
n ≤ m) to Type iff:

I The inductive has at most one constructor.

I All its arguments are propositions.

Informally: closed terms of these types carry no computational
content.
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Singleton elimination II

Singleton elimination allows to eliminate:

I True, False, and (dependent) pairs of propositions

I eq: the equality type in Prop

I Acc: accessibility proofs

Also too large for a strict interpretation!

Singleton elimination disallows to eliminate:

I Trunc defined in Prop, as its constructor has an argument in
Type, as expected.

I The definition of le on natural numbers, because it has two
constructors (le0, leS). However it is an hProp...
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Singleton elimination of equality

I Assumes that equality carries no computational content (strict
interpretation).

I (Weak) equalities can contain isomorphisms/equivalences
when we assume univalence.

⇒ Incompatible with HoTT.
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Singleton elimination of accessibility

Definitional Proof-Irrelevance without K 1:3

which means that it corresponds to the propositional truncation [Univalent Foundations Program
2013] of HoTT, originally introduced as the bracket type by Awodey and Bauer [Awodey and Bauer
2004].

The importance of (definitional) proof irrelevance to simplify reasoning has been noticed for a
long time, and various works have tried to promote its implementation in a proof assistant based
on type theory [Pfenning 2001; Werner 2008]. However, this has never been achieved, mainly
because of the fundamental misunderstanding that singleton elimination was the right constraint
on which propositions can be eliminated into a type. Indeed, one can think of singleton elimination
as a syntactic approximation of which types are naturally mere propositions, and thus can be
eliminated into an arbitrary type without leaking a piece of computation or without implying new
axioms. But, singleton elimination does not work for indexed datatypes, as for instance it applies
to the equality type of Coq

Inductive eq (A : Type) (x : A) : A→ Prop := eq_refl : eq A x x

If proof irrelevance holds for the equality type, every equality has at most one proof, which is
known as Uniqueness of Identity Proofs (UIP). Therefore, assuming proof irrelevance together with
the singleton elimination enforces a new axiom in the theory, which is for instance incompatible
with the univalence axiom from HoTT. This may not seem too problematic to some, but another
consequence of singleton elimination in presence of definitional proof irrelevance is that it breaks
decidability of conversion. For instance, the accessibility predicate:

Inductive Acc (A : Type) (R : A→ A→ Prop) (x : A) : Prop :=
Acc_intro : (∀ y : A, R y x→ Acc R y)→ Acc R x

satisfies the singleton elimination criterion but implementing definitional proof irrelevance for it
leads to an undecidable conversion and thus an undecidable type checker (we come back to this
point in more detail in Section 2).

An alternative approach is to do as in Lean, where they do have proof irrelevance with sin-
gleton elimination, but they only implement a partial version of proof irrelevance for recursive
inductive types satisfying the singleton elimination, which is restricted to closed terms.2 But this
partial implementation of the conversion algorithm breaks in particular subject reduction, which
seems a desirable property for a proof assistant (see a concrete example in Appendix A). Finally,
singleton elimination fails to capture inductive types with multiple constructors such as ≤ which
are perfectly valid mere propositions and could be eliminated into types.

Looking back, Coq and its impredicative sort Prop may not be the only way to implement proof
irrelevance in a proof assistant. Agda, which only has a predicative hierarchy of universes and no
Prop, instead uses a notion of irrelevant arguments [Abel and Scherer 2012]. The idea there is to
mark in the function type which arguments can be considered as irrelevant. For instance, our user
can encode bounded natural numbers in this setting, by specifying that the second argument of
the dependent pair is irrelevant (as marked by the . in the definition of .(n ≤ k )):

data boundedNat (k : N) : Set where
pair : (n : N) → .(n ≤ k ) → boundedNat k

The fact that equality of the underlying natural numbers implies equality of the bounded natural
numbers comes for free from irrelevance of the second component:

piBoundedNat : {k : N}(n m : N)(e : n ≤ k )(e ′ : m ≤ k ) → n ≡ m → pair n e ≡ pair m e ′
piBoundedNat n m _ _ refl = refl

2See a description of this issue in https://github.com/leanprover/lean/issues/654.
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Acc intro

Acc intro

⊥

y′0 : A,R y′0 y0

y0 : A,R y0 x

. . .

. . .

. . .

yn : A,R yn x

Definitional irrelevance of Acc ⇒ undecidable type-checking (bug
in Lean).

⇒ Not a strict proposition
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The case of less-than or equal

le is an hProp but has two constructors ⇒ singleton elimination
disallows its elimination to Type.

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2019.

However, it is propositional:

I constructors are orthgonal

I the induction is structurally justified

I only one, canonical proof of n ≤ m determined by n,m.
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Dependent Pattern-Matching to the Rescue

Idea: Compile by dependent-pattern matching on the indices

Syntactic criteria for ”invertibility”:

1 Every non-forced argument of a constructor must be in
SProp: no computational content can escape from SProp.

2 The return types of constructors must be pairwise orthogonal:
indices uniquely determine constructors.

3 Every inductive reference should be syntactically guarded:
rules out accessibility.

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/
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Dependent Pattern-Matching to the Rescue

Idea: Compile by dependent-pattern matching on the indices

Syntactic criteria for ”invertibility”:

1 Every non-forced argument of a constructor must be in
SProp: no computational content can escape from SProp.

2 The return types of constructors must be pairwise orthogonal:
indices uniquely determine constructors.

3 Every inductive reference should be syntactically guarded:
rules out accessibility.

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/
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Dependent Pattern-Matching to the Rescue

Idea: Compile by dependent-pattern matching on the indices

Syntactic criteria for ”invertibility”:

1 Every non-forced argument of a constructor must be in
SProp: no computational content can escape from SProp.

2 The return types of constructors must be pairwise orthogonal:
indices uniquely determine constructors.

3 Every inductive reference should be syntactically guarded:
rules out accessibility.

1:2 Gaëtan Gilbert, Jesper Cockx, Matthieu Sozeau, and Nicolas Tabareau

Definition boundedN (k : N) : Type := { n : N & n ≤ k }.

Here boundedN k is the dependent sum of an integer n together with a proof (in Prop) that n is
below k, using the inductive definition

Inductive ≤ : N→ N→ Prop :=
≤0 : ∀ n, 0 ≤ n

| ≤S : ∀ m n, m ≤ n→ S m ≤ S n.

Then, our user defines an implicit coercion from boundedN toN so that she can work with bounded
integers almost as if they were integers, apart from additional proofs of boundedness.

Coercion boundedN_to_N : boundedN! N.

For instance, she can define the addition of bounded integers by simply relying on the addition of
integers, modulo a proof that the result is still bounded:

Definition add {k} (n m : boundedN k) (e : n + m ≤ k) : boundedN k := ( n + m ; e).

Unfortunately, when it comes to reasoning on bounded integers, the situation becomes more dif-
ficult. For instance, the fact that addition of bounded natural numbers is associative

Definition bounded_add_associativity k (n m p: boundedN k) e1 e2 e'1 e'2 :
add (add n m e1) p e2 = add n (add m p e'1) e'2.

does not directly follow from associativity of addition on integers, as it additionally requires a
proof that e2 equals e'2 (modulo the proof of associativity of addition of integers). This should
be true because they are two proofs of the same proposition, but it does not follow automatically.
Instead, the user has to prove proof-irrelevance for ≤ manually. This can be proven (using Agda
style pattern matching of the Equations plugin1) by induction on the proof of m ≤ n:

Equations ≤_hprop {m n} (e e' : m ≤ n) : e = e' :=
≤_hprop (≤0 _) (≤0 _) := eq_refl;
≤_hprop (≤S _ _ e) (≤S n m e') := ap (≤S n m) (≤_hprop e e').

Note the use of functoriality of equality ap : ∀ f, x = y→ f x = f y which requires some explicit
reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/
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reasoning on equality. Even if proving associativity of addition was more complicated than ex-
pected, our user is still quite lucky to deal with an inductive type that is actually a mere propo-
sition, in the sense of Homotopy Type Theory (HoTT) [Univalent Foundations Program 2013].
Indeed, ≤ satisfies the propositional (as opposed to definitional, which holds by computation) ver-
sion of proof irrelevance, as expressed by the ≤_hprop lemma. For an arbitrary inductive type in
Prop, there is no reason anymore why it would be a mere proposition, and thus proof irrelevance,
even in its propositional form, can not be proven and must be stated as an axiom.

In a setting where proof-irrelevance for Prop is built in, it becomes possible to define an op-
eration on types which turns any type into a definitionally proof irrelevant one and thus makes
explicit in the system the fact that a value in Squash T will never be used for computation.

Definition Squash (T : Type) : Prop := ∀ P : Prop, (T→ P)→ P.

This operator satisfies the following elimination principle (reduced to proposition) given by

∀ (T : Type) (P : Prop), (T→ P)→ Squash T→ P.

1http://mattam82.github.io/Coq-Equations/
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One challenge in this translation is to determine which constructor arguments should appear on
the right-hand side: for the constructor ≤S (in the second equation), the argument of type m ≤ n
makes an appearance but the first two arguments m and n do not. These disappearing arguments
correspond exactly to the forced arguments of the constructor: their values can be uniquely deter-
mined from the type.

To tackle this problem in general, we choose not to translate the inductive definition to a list of
clauses, but directly to a case tree. For example, we construct the following case tree for ≤:

m ≤ n := casem

⎧⎪⎪⎨⎪⎪⎩
0 "→ ≤0

Sm′ "→ casen

!
0 "→ ⊥
S n′ "→ ≤S (p : m′ ≤ n′)

" ⎫⎪⎪⎬⎪⎪⎭
In general, a case tree representing an inductive datatype in sProp is either a leaf node of the form
c ∆ where c is a constructor name and ∆ is a telescope of types in sProp, an empty node ⊥, or an
internal node of the form

casex
{
c1 ∆̂1 "→τ1 Q1; . . . ; cn ∆̂n "→τn Qn

}
where x is a variable, ci are constructors with fresh variables ∆̂i for arguments, τi are substitutions
(these will be explained later), and Qi are again case trees.

For constructing a case tree from the declaration of the inductive type, we work on an elabora-
tion problem P of the form

Γ ⊢ {c1 ∆1 [Φ1]; . . . ; ck ∆k [Φk ]}
where:
• Γ is the ‘outer’ telescope of datatype indices,
• c1, . . . , ck are the names of the constructors,
• ∆i is the ‘inner’ telescope of arguments of ci, and
• Φi is a set of constraints {wi j /

? vi j : Ai j | j = 1 . . . l }.
To transform the definition of an inductive datatype D to a case tree, the initial elaboration prob-

lem has for Γ the index telescope of D, c1, . . . , ck all constructors of D, ∆i the argument telescope
of ci, and Φi = {x j /

? vi j : Aj | j = 1 . . . l } where Γ = (x1 : A1) . . . (xl : Al ) and vi1, . . . ,vil are the
indices targeted by ci, i.e. ci : ∆i → D vi1 . . . vil . For example, for ≤ we start with the following
elaboration problem:

(m n : N) ⊢
! ≤0 (n′ : N) [m /? 0 : N,n /? n′ : N]
≤S (m′ n′ : N)(p : m′ ≤ n′) [m /? Sm′ : N,n /? S n′ : N]

"

From this initial problem, the elaboration proceeds by successive case splitting on variables in
Γ and simplification of constraints in Φi until there are only zero or one constructors left and
all constraints have been solved. More specifically, the elaboration algorithm may perform the
following steps:

Empty If there are no constructors left, elaboration is done and returns the case tree ⊥:

Γ ⊢ {} ! ⊥
Done If there is a single constructor left and all constraints are solved, elaboration checks if

all remaining arguments of the constructor are in sProp. If this is the case, it returns a leaf
node containing this constructor:

∀(x : A) ∈ ∆. A : sProp
Γ ⊢ {c ∆ []} ! c ∆
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The bad le
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The good ≤ and the bad ≤

In the absurd context S n ≤bad n we have two proofs of
S n ≤bad S n:

I ≤bad refl (S n)

I ≤badS (S n) n e

Cannot eta-expand a case analysis on e : S n ≤bad S n to a
canonical constructor, so not a natural SProp.
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Definitional Proof-Irrelevance without K

1 Propositions and equality

2 A universe of strict propositions
The SProp universe
Semantics & Implementation
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The SProp universe

SPropi : Typei+1

Predicative (in Agda) or impredicative (in Coq).

I SProp enjoys definitional proof-irrelevance:

A : SProp x, y : A

x ≡ y : A

I The extended theory is independent from UIP or Univalence.

I Can encode all types in Prop except for accessibility and
equality.
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Main ideas of SProp

SProp: a syntactic approximation of mere propositions (hProps).

I Closed by dependent products whose codomain is in SProp

I sEmpty and (dependent) pairs of SProps.

I A truncation operation Squash that turns any type into an
SProp.

I Every natural (non-truncated) SProp can be eliminated to
Type.

That’s it! Inductive types are treated by the transformation into
fixpoints.
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The Strict Empty type

sEmpty : SProp

A : Type e : sEmpty

sEmpty-elim e : A

E.g. the strict unit type can be defined as:

sUnit : SProp := False→ False
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Squash

The Squash operation mimicks the truncation operator of HoTT:

SquashForm

A : Type

Squash A : SProp

Squash

A : Type x : A

sq x : Squash A

Unsquash

A : Type t : Squash A P : SProp f : A→ P

unsquash A P t f : P

Thanks to irrelevance, dependent elimination can be derived from
the non-dependent one.
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Box

An inverse Box operator can be used to inject SProp into Type

(no SProp ≤ Type cumulativity)

Box
A : SPropi

�A : Typei

BoxIntro
A : SProp x : A

box x : �A

BoxElim
A : SProp P : A→ SProp/Type
x : A ` f : P (box x) b : �A

unbox A P f b : P b

Conversion: unbox A P f (box b) = f b.
Actually encoded using inductive types which are allowed to carry
sprops and still live in type.
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Inductive types in SProp

I Only allow inductive types whose arguments are all in SProp.
Includes sigma-types.

I Otherwise, encode them using fixpoints, False, dependent
pairs and Squash.

≤: N→ N→ SProp

(x, p) ≡ (x, q) : {x : N | x ≤ y} for all p, q
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Implementation

I In Coq: using irrrelevance marks on binders for untyped
conversion.

I In Agda: using type-based conversion and a predicative
hierarchy
⇒ fixes the unsound irrelevant arguments system

Both to be integrated in the next versions of the proof assistants!
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Metatheory

I Decidability of type-checking: extension of Abel & Scherer,
2012. This requires using marks in the terms for SProp
content.

I Consistency: by a syntactic model in Extensional Type Theory:

JA : SPropK = Σ A : Type.∀x y : A, x = y

⇒ Safe and modular extension with UIP

I Independence from UIP: by a syntactic model in HTS/2-level
type theory.
⇒ Compatible with univalence
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Applications

I A simpler definition of primality in math-comp:
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The level sProp of the argument A is smaller than the level Prop of the inductive.
Like with Prop, any inductive type may be defined in sProp but its elimination is restricted

to sProp when it is not the empty type. This amounts to implicitly using the squash (which can
be already defined using the impredicative encoding). For primitive records in sProp we allow
fields in sProp. This provides a generalization to the unit type and dependent sums. To get other
inductive types in sProp that can be eliminated into any type, the user has to use the automatic
encoding described in Section 5, implemented on top of the Equations plugin (see Section 6.4).

6.2 Example 1: Prime Numbers
To illustrate a simple use of sProp in Coq, together with the automatic translation of inductive
types into fixpoints described in Section 5, let us consider the definition of primality.

First, we can define the n | m predicate, which states that the natural number n is a divisor of m.

Inductive Divide : N→ N→ SProp:=
| divide0 : ∀ n, Divide n 0
| divideS : ∀ n m (e: S n ≤ S m), Divide (S n) (m − n)→ Divide (S n) (S m).
Infix "|" := Divide.

This definition satisfies the conditions described in Section 5, so the corresponding fixpoint defi-
nition can be automatically generated, together with its eliminator into Type.

Although we have definitional proof irrelevance for n | m, we can still extract the natural number
that witnesses the fact that n is a divisor of m out of the proof that n | m, which is precisely the goal
of the criterion developed in Section 5.

Definition divide_to_N : ∀ n m, n | m→ N.

together with the correctness of this definition.

Lemma divide_to_N_correct n m (e:n | m): divide_to_N n m e ∗ n = m.

Note however that being an element of sProp implies both proof irrelevance and computational
irrelevance, so an element of m | n is completely erased during compilation. It does not store the
quotient, but the (mere) property that the euclidean division of n by m has no remainder. Thus,
divide_to_N computes the quotient from m and n. Essentially finding the quotient by decon-
structing the proof of n | m is no easier than by deconstructing n and m. It can be seen as a side
condition to guarantee we have no missing case.

Then, it is easy to define primality in sProp in a way that satisfies the conditions described in
Section 5.

Inductive is_gcd (a b g:N) : SProp :=
is_gcd_intro : g | a→ g | b→ (∀ x, x | a→ x | b→ x | g)→ is_gcd a b g.

Inductive prime (p:N) : SProp :=
prime_intro : 1 < p→ (∀ n, 1 ≤ n→ n < p→ is_gcd n p 1)→ prime p.

This definition gives us definitional proof irrelevance for prime, without paying the price of the
definition of a decision procedure into booleans (for instance using the sieve of Eratosthenes) and
a proof that it corresponds to primality. Here, we have a direct definition instead, and the decision
procedure is only a useful addition to prove primality of a particular natural number and may be
implemented as a tactic.
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Compare with Eratosthene’s sieve implementation +
correctness proof.

I Initially Conjecture
https://github.com/guillaumebrunerie/initiality/

I Setoid Type Theory
https://bitbucket.org/akaposi/setoid

I Forcing with Cubical Types
https://github.com/loic-p/cubical_forcing/
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Conclusion

Our new universe of strict propositions:

I Fixes issues with Prop and singleton eliminations to allow
definitional irrelevance without introducing axioms.

I Eases programming with subset types, decidable propositions
(all included in SProp) and proof-irrelevant types in general.

I Is HoTT-compatible: SProp models the equality of Bishop
sets (as shown by Coquand), a fibrant universe in the cubical
sets model of Homotopy Type Theory.
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Future work

Open problem: internalization of simplicial types and higher
categorical structures inside homotopy type theory.

Existing solutions require an extension with a strict equality:

I HTS (Voevodsky): add a new, strict equality type using
reflection.

I 2-level type theory (Anenkov, Caprioti and Kraus): consider a
homotopy type theory inside a theory with uniqueness of
identity proofs.

I Lambdapi: reflection restricted to the decidable theory of
natural numbers?

Question: is SProp “just enough”?
Partial answer: näıvely adding a strict equality introduces UIP at
every type. We rather need a notion of strict sets.
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